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Steady Spiraling Motion of Gliding Robotic Fish
Feitian Zhang, Fumin Zhang and Xiaobo Tan

Abstract— A gliding robotic fish is developed for promising
applications in aquatic environment monitoring. The design
concept combines the strengths of both underwater gliders and
robotic fish, featuring long operation duration and high maneuverability. This paper presents both analytical and experimental
results for the three-dimension spiraling motion, an essential
working pattern of the gliding fish for detecting pollution in
a water column. A dynamic model of the gliding robotic fish
with actuated tail is established. Then the steady-state spiraling
equations are derived and solved recursively using Newton’s
method. The gliding fish prototype is tested in experiments.
Both model prediction and experimental results show that the
spiraling motion has very low energy consumption, and the
gliding fish can achieve high maneuverability with a turning
radius less than 1 m, 2.5% of the reported turning radius of a
typical underwater glider.

I. I NTRODUCTION
Aquatic environmental protection is a key challenge for
sustainable development worldwide. Autonomous underwater robots are being widely used in this domain to patrol
seaports, track oil spills, and monitor harmful algal blooms.
High energy-efficiency and high maneuverability are desired
characteristics for the robots in order to operate in versatile environments such as lakes, rivers, and the ocean.
Underwater gliders, which propel themselves by changing
net buoyancy and center of gravity, have demonstrated low
power consumption and long operating duration. After two decades of development, gliders are now commercially
available, examples of which include the Seaglider [1], the
Spray [2] and the Slocum [3]. These gliders are designed
for ocean sampling purposes with typical length within 1-2
meters, weight at 50 kg and above. Their maneuverability is
not designed to operate in environments such as rivers and
shallow lakes. A different class of aquatic robots that mimic
fish motion has been developed in parallel to the gliders over
the past two decades. These robots, often called robotic fish,
can swim by deforming the body and fish-like appendages
[4]–[10]. Like their biological counterparts, robotic fish are
highly maneuverable in a broad range of environments.
We have developed a gliding robotic fish. Our design
aims to combine features from an underwater glider and
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a robotic fish [11] to offer maneuverability and endurance
at the same time. Locomotion of the gliding robotic fish
is generated mostly by controlling the net buoyancy, and
changing the center of mass, similar to an underwater glider.
On the other hand, steering is mostly achieved by actively
controlled fins, similar to a robotic fish. In addition, the
gliding robotic fish is designed to have much smaller size
than an commercial underwater glider. With appropriate
sensing capability developed, we expect the gliding fish to
be suitable for locating pollutants in shallow water for an
extended period of time, e.g., weeks or even months.
This paper presents theoretical and experimental results on
designing a three dimensional motion pattern for the gliding
robotics fish to sample a water column. A water column
is a conceptual narrow volume (like a narrow cylinder) of
water stretching vertically from the surface to the bottom.
Water column sampling is a routine surveying method in
environmental studies to evaluate the stratification or mixing
of water layers [12]. Aquatic pollution detection inside a
water column with approximately one meter radius is frequently performed for environmental monitoring in shallow
water. Existing approach for water column sampling relies on
humans to operate the boat and to deploy sensing packages
on the spot, which is labor-intensive and costly. We propose
an autonomous solution based on the spiraling motion that
can be performed by the gliding robotic fish with low-energy
consumption. Spiraling motion have been observed for underwater gliders, which is typically enabled translational and
rotational displacement of an internal movable mass [13]–
[16]. So far, the spiraling motion produced by underwater
gliders have typical turning radius on the order of 30-50
meters, not suitable for the water column sampling tasks in
lakes and shallow areas. The spiraling motion produced by
our gliding fish, on the other hand, can achieve the desired
turning radius of less than one meter, due to the overall
smaller dimensions and the controllable moment generated
by the tail.
Following the theoretical approach established in the literature on analyzing the dynamics of underwater gliders
[13]–[16], we first derive the three-dimension steady-state
equations for the gliding fish from the dynamics model. The
major extension of our model from the existing glider models
is the incorporation of an actuated tail, which results in
different sets of steady equilibrium motion from those of an
underwater glider. We have also employed Newton’s method
to compute the equilibrium motion, which gives reliable
convergence. The influences of various control inputs on the
spiraling performance, such as turning radius and descending
speed, are computed. Furthermore, we have developed a g-
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The mass distribution of the gliding robotic fish (side view).

liding fish prototype, and performed experiments to compare
the theoretical results with experimental observations.
II. DYNAMICS M ODELING OF A G LIDING F ISH
A. Full Dynamic Model
A gliding robotic fish is a combination of a miniature
underwater glider and a robotic fish, and the modeling for
a gliding robotic fish combines the models of both, mainly
based on the model of an underwater glider, with the flapping
tail treated as one of the sources for external forces and
moments. In this paper, we model the gliding fish as a rigid
body system, including one internal movable mass, whose
location is controllable, like a miniature underwater glider,
with an adjustable tank inside for tuning the net buoyancy
[17], [18]. On the other hand, the flapping tail provides
external thrust force and side force as well as the yaw
moment as modeled in most robotic fish literature [10].
Fig. 1 shows mass distribution of the gliding fish system.
The stationary body mass ms (excluding the movable mass)
has three components: gliding fish hull mass mh (uniformly
distributed), point mass mw for gliding fish nonuniform hull
with displacement rw with respect to the geometry center
(GC), and ballast mass mb (water in the tank) at GC, which
is a simplification since the effect on the center of gravity
caused by the water in the tank is negligible compared with
the moving mass. The movable mass m̄, which is located
at rp with respect to GC, provides a torque to the gliding
fish system. The mechanism for the moving mass is a track
system fixed along the longitudinal axis inside the fish body
and driven by a linear actuator. The fish body displaces a
volume of fluid of mass m . Let m0 = ms +m̄−m represents
the excess mass (negative net buoyancy). The gliding fish
will sink if m0 > 0 and vice versa.
The relevant coordinate reference frames are defined following the standard convention. The body-fixed reference
frame, denoted as Oxb yb zb and shown in Fig. 2, has its
origin O at the geometry center, so the origin will be
the point of application for the buoyancy force. The Oxb
axis is along the body’s longitudinal axis pointing to the
head; the Ozb axis is perpendicular to Oxb axis in the
sagittal plane of the gliding fish pointing downward, and Oyb
axis is automatically formed by the right-hand orthonormal
principle. In the inertial frame Axyz, Az axis is along gravity
direction, and Ax is defined in the horizontal plane, while
the origin A is a fixed point in space.







Fig. 2. Illustration of the reference frames and hydrodynamic forces for
the gliding fish.

As commonly used in the literature, R represents the
rotation matrix from the body-fixed reference frame to the
inertial frame. R is parameterized by three Euler angles: the
Let vb =
[roll angle ϕ, the]Tpitch angle θ and
[ the yaw angle]ψ.
T
v1 v2 v3
and ωb = ω1 ω2 ω3
stand for
the translational velocity and angular velocity, respectively,
expressed in the body-fixed frame. The subscript b indicates
that the vector is expressed in the body-fixed frame, and this
notation is applied throughout this paper. Here


cθcϕ sϕsθcψ − cϕsψ cϕsθcψ + sϕsψ
R =  cθsψ cϕcψ + sϕsθsψ −sϕcψ + cϕsθsψ 
−sθ
sϕcθ
cϕcθ
(1)
where s(·) is short for sin(·) and c for cos(·).
We assume the gliding fish tail is rigid and pivots at the
junction of the fish body and the tail along Ozb direction.
The tail induces an external thrust force Ft on the gliding
fish body when the tail flaps. There are also hydrodynamic
forces and moments, coming from the interaction between
the tail and the relatively flowing water.
By incorporating the tail model into the existing derived
dynamic model of underwater gliders [17], we get the
following dynamics model for the gliding robotic fish:
(
)
v̇b = M −1 M vb × ωb + m0 gRT k + Fext
(2)
(
ω̇b = J −1 −J˙ωb + J ωb × ωb + M vb × vb + Text
(
)
(
))
+mw grw × RT k + m̄grp × RT k
(3)
Here M = (ms + m̄)I + Mf , where I is the 3 × 3
identity matrix, and Mf is the added-mass matrix, which
can be calculated via strip theory [19]. J is the sum of the
inertia matrix due to the stationary mass distribution and the
added inertia matrix in water. k is the unit vector along the
Az direction in the inertial frame. rw is a constant vector,
and rp is the controllable movable mass position, which in
our gliding fish [design has one
]T degree of freedom in Oxb
. Fext stands for all external
direction, rp = rp 0 0
forces: the external thrust force Ft induced by tail flapping,
and the external hydrodynamic forces (lift force, drag force
and side force) acting on the gliding fish body, expressed in
the body-fixed frame. And Text is the total hydrodynamic
moment caused by Fext .
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α 2
δ 2
m2 sβV cϕcθω3i − m3 sαcβV sϕcθω3i − m0 gsθ − 1/2ρV 2 S(CD0 + CD
α + CD
δ )cαcβ

(21)

=

β
δ
β + CSF
δ)cαsβ + 1/2ρV 2 S(CL0 + CLα α)sα
−1/2ρV 2 S(CSF
α 2
δ 2
−m3 sαcβV sθω3i − m1 cαcβV cϕcθω3i + m0 gsϕcθ − 1/2ρV 2 S(CD0 + CD
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δ )sβ
β
δ
+1/2ρV 2 S(CSF
β + CSF
δ)cβ

(22)

=

m1 cαcβV sϕcθω3i + m2 sβV sθω3i + m0 gcϕcθ − 1/2ρV S(CD0 +
2

α 2
CD
α

+

δ 2
CD
δ )sαcβ

β
δ
−1/2ρV 2 S(CSF
β + CSF
δ)sαsβ − 1/2ρV 2 S(CL0 + CLα α)cα

0

=

0

=

0

=

B. Hydrodynamic Model
In order to model hydrodynamics, we first introduce the
velocity reference frame Oxv yv zv . Oxv axis is along the
direction of velocity, and Ozv lies in the sagittal plane
perpendicular to Oxv . Rotation matrix Rbv represents the
rotation operation from the velocity reference frame to the
body-fixed frame:


cαcβ −cαsβ −sα
cβ
0 
Rbv =  sβ
(4)
sαcβ −sαsβ cα
, where the angle of attack α = arctan (v3 /v1 ) and the
sideslip angle β = arcsin(v2 /∥vb ∥)
The hydrodynamic forces include the lift force L, the drag
force D, and the side force SF ; hydrodynamic moments
include the roll moment M1 , the pitch moment M2 , and
the yaw moment M3 . All of those forces and moments are
defined in the velocity frame [20]. And if we further assume
the tail is not flapping, which means Ft = 0, we will have
the following relationship:
[
]T
Fext = Rbv −D SF −L
(5)
[
]T
Text = Rbv M1 M2 M3
(6)

SF
L
M1

(24)
(25)
(26)

angle between the longitudinal axis and the center line of
the tail projected into the Oxb yb plane, with Ozb axis as
the positive direction. Kq1 , Kq2 , Kq3 are rotation damping
coefficients. All other constants with ’C’ in their notations
are hydrodynamic coefficients, whose value can be evaluated
through CFD-based water tunnel simulation as we did for the
miniature glider [17] [23].
III. T HREE - DIMENSION S PIRALING M OTION OF THE
G LIDING F ISH
We have three control variables available to manipulate the
gliding fish swimming profile: excess mass m0 , the position
of the movable mass rp and the tail angle δ. In this section,
we analyze the steady-state spiraling equations with three
control inputs fixed and use the Newton’ method to solve
the equations recursively.
A. Steady-State Spiraling Equations

α 2
δ 2
= 1/2ρV 2 S(CD0 + CD
α + CD
δ )

(7)

β
δ
= 1/2ρV 2 S(CSF
β + CSF
δ)

(8)

If control inputs are fixed with nonzero tail angle, we
can treat the influence of the tail on the hydrodynamic
forces and moments as the effects of increased hydrodynamic
angles (α, β). From [16], we know that the gliding fish will
perform three-dimension steady spiraling motion, where the
yaw angle ψ changes at constant rate while the roll angle ϕ
and pitch angle θ are constants. Then RT k is constant since
  

0
− sin θ
RT k = RT  0  =  sin ϕ cos θ 
(13)
1
cos ϕ cos θ

(9)

Take time derivative of RT k, we have

The hydrodynamic forces and moments are generally
dependant on the angle of attack α, the sideslip angle β,
and the velocity magnitude V [21], [22]:
D

(23)

β
2
(J2 − J3 )sϕcθcϕcθω3i
+ (m2 − m3 )sβsαcβV 2 − mw grw sϕcθ + 1/2ρV 2 S(CM
β − Kq1 sθω3i )cαcβ
R
β
2
α
2
δ
δ)sα
−1/2ρV S(CM0 + CMP α + Kq2 sϕcθω3i )cαsβ − 1/2ρV S(CMY β + Kq3 cϕcθω3i + CM
Y
2
2
(J1 − J3 )sθcϕcθω3i + (m3 − m1 )cαcβsαcβV − mw grw sθ − m̄grp cϕcθ
β
α
α + Kq2 sϕcθω3i )cβ
+1/2ρV 2 S(CM
β − Kq1 sθω3i )sβ + 1/2ρV 2 S(CM0 + CM
P
R
β
2
2
(J2 − J1 )sθsϕcθω3i + (m1 − m2 )cαcβsβV + m̄grp sϕcθ + 1/2ρV 2 S(CM
β − Kq1 sθω3i )sαcβ
R
β
2
α
2
δ
−1/2ρV S(CM0 + CMP α + Kq2 sϕcθω3i )sαsβ + 1/2ρV S(CMY β + Kq3 cϕcθω3i + CM
δ)cα
Y

2

= 1/2ρV S(CL0 +
= 1/2ρV

2
2

β
S(CM
β
R

CLα α)
+ Kq1 ω1 )

(10)

α
CM
α
P

(11)

M2

= 1/2ρV S(CM0 +

+ Kq2 ω2 )

M3

β
δ
= 1/2ρV 2 S(CM
β + Kq3 ω3 + CM
δ) (12)
Y
Y

ωb × (RT k) = 0

(14)

, so the angular velocity has only one freedom with ω3i in
Ox axis in the inertial frame. Then

where ρ is the density of water and S is the characteristic
area of the gliding fish. δ is defined as the tail angle, the
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ωb = ω3i (RT k)

(15)

∂f1 /∂x1
∂f1 /∂x2

= −m2 sβV cϕsθω3i + m3 sαcβV sϕsθω3i − m0 gcθ
= −m2 sβV sϕcθω3i − m3 sαcβV cϕcθω3i

(30)
(31)

∂f1 /∂x3
∂f1 /∂x4

= m2 sβV cϕcθ − m3 sαcβV sϕcθ
α 2
δ 2
= m2 sβcϕcθω3i − m3 sαcβsϕcθω3i − m0 gsθ − ρV S(CD0 + CD
α + CD
δ )cαcβ

(32)

β
δ
−ρV S(CSF
β + CSF
δ)cαsβ + ρV S(CL0 + CLα α)sα

∂f1 /∂x5

α
α 2
δ 2
= −m3 cαcβV sϕcθω3i − ρV 2 SCD
αcαcβ + 1/2ρV 2 S(CD0 + CD
α + CD
δ )sαcβ

∂f1 /∂x6

β
δ
+1/2ρV 2 S(CSF
β + CSF
δ)sαsβ + 1/2ρV 2 SCLα sα + 1/2ρV 2 S(CL0 + CLα α)cα
α 2
δ 2
= m2 cβV cϕcθω3i + m3 sαsβV sϕcθω3i + 1/2ρV 2 S(CD0 + CD
α + CD
δ )cαsβ
β
β
δ
−1/2ρV 2 SCSF
cαsβ − 1/2ρV 2 S(CSF
β + CSF
δ)cαcβ

The translational velocity in the body-fixed frame
[
]T
vb = Rbv V 0 0

(16)

There are two important parameters in the spiraling motion: the turning radius R and the descending speed Vvertical .
By projecting the total velocity into the horizontal plane and
vertical direction, we have
R
Vvertical

(33)
(34)
(35)

satisfied either. So we use Newton’s method to solve the
spiraling steady states under fixed control inputs.
Let x = [ θ ϕ ω3i V α β ]T be the six states that
we want to solve for steady-state spiral gliding equations.
And let u = [ m0 rp δ ]T be the three control inputs.
We write the governing equations in compact form here
for convenience

= V cos(θ − α)/ω3i

(17)

0 = f (x, u) = [fi (x, u)]6

= V sin(θ − α)

(18)

Here, fi is the steady-state function of the spiraling motion.
For example, f1 is the right hand side of equation (21).
The iteration algorithm for Newton’s method is [24]

The steady-state spiraling equations are obtained by setting
time derivatives to zero in (2), (3):
0 = M vb × ωb + m0 gRT k + Fext

x̂i+1 = x̂i − J −1 (x̂i , u)f (x̂i , u)

(19)

0 = Jωb × ωb + M vb × vb + Text
(
)
(
)
+mw grw × RT k + m̄grp × RT k (20)
From equations (1), (4), (15), (16) and the above steadystate spiraling equations, we know there are six independent
states for describing
the[ steady spiral] motion:
[
]
θ ϕ ω3i V α β
m0 r p δ
with
as the
three control inputs. Expanding equations (2) and (3), then
transforming the original states to the above six independent
states, we can obtain the nonlinear steady-state spiraling
equations as in (21) - (26). Here, we assume the mass matrix
and inertia matrix have the following form:




m1 0
0
J1 0
0
M =  0 m2 0  J =  0 J2 0 
0
0 m3
0
0 J3

(27)

(28)

Here x̂i is the ith step estimation for the steady states, and
J(x, u) is the Jocobian matrix of f (x, u)
[
]
∂f
∂fi
J(x, u) =
=
(29)
∂x
∂xj 6×6
Here, the first row elements of the Jocobian matrix are
given in equations (30) - (35) while the others are omitted
for succinct presentation, which can be calcluated simiarly.
IV. M ODEL PREDICTION AND E XPERIMENTAL R ESULTS
ON THE G LIDING F ISH P ROTOTYPE
We solve the steady-state spiraling equations using Newton’s method for the lab-developed gliding fish prototype.
Spiraling experiments with different control inputs are also
conducted and the results are shown with good match between the model prediction and experimental results.

B. Newton’s Method for Solving the Nonlinear Steady-State
Spiraling Equations

A. Solutions to the Steady-State Spiraling Equations for the
Gliding Fish Prototype

The steady-state spiraling equations are highly nonlinear
due to the terms involving trigonometric functions and inverse trigonometric functions. Given the angle of attack,
the sideslip angle, and the velocity magnitude, recursive
algorithm for a fixed-point problem can be applied to solve
the equations [16]. However, we are more interested in
the steady-state solutions given fixed control inputs. Unfortunately, there is no feasible analytical solution and the
convergence condition for the fixed-point problem is not

The spiraling motion is achieved using our fully untethered
gliding fish prototype. This gliding fish prototype changes
its net buoyancy by pumping water in and out of an inside
tank, and varies its center of gravity via moving the battery
pack using an linear actuator. Tails with different bending
angles can be easily set up for the turning experiments. The
prototype weighs 4 kg and measures 40 cm long with a 0.8 kg
movable battery pack. Such a small size of the gliding fish,
compared to traditional underwater gliders, renders it high
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TABLE I
C OMPUTED
m0 (g)
25
25
25
25
25
10
15
20
30
35
40
25
25
25
25
25
25

rp (cm)
0.3
0.4
0.5
0.6
0.7
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

SPIRALING STEADY STATES THROUGH

δ(◦ )
45
45
45
45
45
45
45
45
45
45
45
30
35
40
50
55
60

(θ, ϕ, ω3i , V, α, β) (◦ ,◦ ,rad/s,m/s,◦ ,◦ )
(-44.5, -31.0, 0.425, 0.264, -0.914, 4.10)
(-46.8, -36.6, 0.448, 0.267, -1.32, 4.52)
(-48.3, -40.6, 0.464, 0.268, -1.61, 4.87)
(-49.3, -43.8, 0.476, 0.267, -1.84, 5.18)
(-50.2, -46.5, 0.486, 0.267, -2.04, 5.48)
(-70.8, -49.3, 0.589, 0.184, -3.64, 7.36)
(-63.5, -52.7, 0.571, 0.218, -3.30, 6.98)
(-55.5, -47.8, 0.517, 0.247, -2.46, 5.85)
(-42.1, -34.3, 0.423, 0.281, -0.901, 4.24)
(-36.9, -29.3, 0.392, 0.289, -0.306, 3.85)
(-32.3, -25.3, 0.368, 0.293, 0.224, 3.60)
(-37.6, -11.9, 0.235, 0.242, 0.854, 2.19)
( -43.4, -20.7, 0.311, 0.258, 0.0698, 2.87)
( -46.8, -31.2, 0.389, 0.266, -0.761, 3.77)
( -49.2, -48.8, 0.537, 0.264, -2.54, 6.19)
(-51.1, -56.4, 0.615, 0.257, -3.62, 7.86)
( -55.0, -63.8, 0.705, 0.247, -4.95, 10.0)

Fig. 4.
Fig. 3.

N EWTON ’ S METHOD .
(Vvertical , R) (m/s,m)
(0.182, 0.450)
(0.190, 0.417)
(0.195, 0.396)
(0.197, 0.380)
(0.211, 0.338)
(0.169, 0.121)
(0.189, 0.190)
(0.197, 0.287)
(0.185, 0.500)
(0.172, 0.591)
(0.157, 0.670)
(0.151, 0.806)
(0.178, 0.602)
(0.192, 0.474)
(0.192, 0.337)
(0.190, 0.283)
(0.189, 0.225)













Snap shots of gliding fish spiraling in the experiment tank.

Contours of the static pressure with tail angle at 45 ◦ .

maneuverability, like what it presents in spiraling motion
in terms of turning radius. Hydrodynamic coefficients are
determined by CFD simulation as in [17]. Here, we want to
add that the hydrodynamic coefficients regarding the fish tail
are obtained by curve fitting of the coefficients of different
tail angles, which are evaluated by simulating the flow and
pressure distribution using FLUENT6.2.16 in the CFD-based
water channel experiments (Fig. 3).
Based on the parameters of this prototype, Newton’s iterative formula (III-B) is used to solve the steady-state spiraling
equations. Characteristic parameters for steady spiraling motion, including the turning radius and descending speed, are
obtained with different inputs as shown in table I. To apply
Newton’s method, the initial values of states for iteration
needs to be set rather than given any arbitrary values. However, for this spiraling equations, the selection is not strictly
constrained. To get the table, we choose θ = −10◦ , ϕ =
−10◦ , ω3i = 0.1rad/s, V = 0.3m/s, α = 0◦ , β = 0◦ as
initial values for iteration, which leads to convergence. From
the calculated results, we can see that a small turning radius
requires a large tail angle, a large displacement of movable
mass, and a small net buoyancy, while a low descending
speed demands a small tail angle, a small displacement of

movable mass, and a net buoyancy far away from 25 g.
We utilize this relationship and conduct some experiments,
selecting the control inputs to compensate the influence of the
limitation of the experimental environment. The experimental
results are presented in the next subsection.
B. Experimental Results
With the lab-developed gliding fish prototype, underwater
spiraling experiments are conducted in order to validate
the derived mathematical models and Newton’s recursive
algorithm. Most experiments are conducted in a large water
tank that measures 15-foot long, 10-foot wide, and 4-foot
deep, as shown in Fig. 4. We set the net buoyancy (negatively
buoyant), the linear actuator position and gliding fish tail
angle to fixed values. Then the glider is released on the water
surface and glides into spiraling mode. Cameras are set to
record the videos in both top view and side view. The turning
radius are extracted after video processing. The comparison
between model predictions and experiment results on turning
radius for different tail angles and different excess mass are
shown in Fig. 5 and Fig. 6, respectively.
There are some factors contributing to the measurement
errors. First, for different depth, the scales between real
objects and camera image are different. Here, the average
scale is used in the video processing. A grid board is used
for calibration, captured with the same camera at the mean
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Fig. 6. Spiraling radius with respect to the excess mass , with fixed movable
mass displacement of 0.5 cm and fixed tail angle of 45◦ .

distance. Second, although the transient is fast from stationary status to steady gliding motion due to the damping effect
from the water, there is still some initial transient process,
difficult to completely separate from the steady spiraling
period. Experimental environment with deeper water will effectively reduce the influence of initial transient, however, the
complexity of experiments setup will be increased as a result.
The environmental disturbances such as currents will also
affect the experimental results. So with these uncertainties,
we consider the match between our experimental results and
the model predictions satisfactory.
V. CONCLUSION
In this paper we investigated a novel spiral motion for
a gliding robotic fish, achieved by gliding with a deflected
tail. Such spirals hold strong promise in water column
sampling. Dynamic model of gliding fish was presented and
steady-state spiraling equations were derived and analyzed.
Newton’s method was used to solve the equations. A gliding
fish prototype was presented, and experiments were carried
out to validate both the mathematical model and the recursive
algorithm. In future work, we will analyze the basins of
attraction for Newton’s method, and instrument the gliding
fish with environmental sensors for a field experiment.
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