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Abstract—The shape of a robot formation is key to performance in cooperative missions. Existing approaches of shape
control require the formation dynamics be expressed in a unified
coordinate frame. We present a shape theoretical approach which
allows each robot, modeled as a particle, freedom to choose a
coordinate frame to describe observed formation shape dynamics.
Without knowing such coordinate frames of other robots, each
robot is able to perform cooperative control. This is made possible
by a class of gauge covariant cooperative control laws to control
position, orientation, and shape of the formation. The formation
dynamics are modeled as controlled Lagrangian systems on
Jacobi shape space, we use measurements of shape variables and
angular velocity as feedback to control the shape and to stop
the rotation of the entire formation. Using Lyapunov functions,
we prove that controlled dynamics converge to an invariant set
where desired shape is achieved. Our method allows the robots
to use direct observations from their onboard sensors to stabilize
the formation.

I. I NTRODUCTION
Recent developments in robotic research have enabled cooperative missions performed by multiple mobile robots. Different robots can be coordinated to sample the ocean [1], to carry
heavy load [2], and to safeguard buildings [3]. The geometric
shape formed by the positions of the robots are coupled to
the effectiveness of the sensing or actuation performance.
Distributed Motion control and planning is required to achieve
desired shape.
We model robots in a formation as particles subjected
to control forces, and model the entire formation as a deformable body. The shape of a deformable body is invariant
under translation and rotation, and is also independent of the
coordinate system in which we choose to describe it. This
shape information can be described by using the Jacobi shape
variables ( [4]–[6]).
It is common practice to study the dynamics of a deformable
body in an attached coordinate frame, called the body frame.
In this frame, the controlled dynamics of the formation are
derived using the Lagrange-D’Alambert principle. In the resulting equations, we combine control forces of all particles
into controls for the shape, the position, and the orientation
respectively. We aim to design a Lyapunov function based
cooperative control law to stabilize a given shape and to stop
the rotation of the entire formation.
A phenomena, which does not happen when a rigid body
is in question, is that shape changes affect the orientation
of the body in the inertial frame. A popular example is the
falling cat problem. Shape changes also raise extra caution on
how the body frame is established because when we change
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the body frame from one to another, some quantities are
transformed in complex, shape-dependent ways. We want to
allow each particle the freedom to attach its own choice of
body coordinate frame to study the whole formation. This
requirement often arises when certain coordinate system is
more convenient than others towards getting more accurate
estimates from sensory data. For this purpose, we search for a
class of mechanic quantities that do not depend on the choice
of body frame. We say these objects are either gauge-invariant
or gauge-covariant. We show that freedom in the choice of
body frames can be achieved by utilizing gauge invariant and
gauge covariant objects to design the cooperative control law.
Section II serves as a brief introduction to Jacobi shape
space. In section III, we formally establish the notions of
gauge invariance and gauge covariance. To help understand
the implication of these notions, and as a simple application
of the Jacobi shape theory, we analyze geometric properties
of a sequential pursuit problem in section IV. We discover
that the gauge covariant angular velocity is conserved by such
a system. In section V, we introduce the gauge covariant
cooperative control form. We show that combined control
laws can be computed by each robot independently if gauge
covariant cooperative control forms are used. In section VI, we
design a gauge covariant control law which stabilizes desired
shape with fixed orientation. Simulation results are presented
in section VII.
II. JACOBI

SHAPE SPACE

In the inertial coordinate frame, let qi ∈ R 3 , where i =
1, 2, ..., N, denote the coordinates of N particles with mass mi .
The kinetic energy of this cluster is K tot = 12 ∑Ni=1 mi k q̇i k2 .
This kinetic energy is translation invariant. Let M = ∑Ni=1 mi ,
∑N m q

and the center of mass is qc = i=1M i i . We seek (N − 1)
independent vectors (ρ f i , i = 1, 2, ..., N − 1) such that the
kinetic energy has the separated form
1
1 N−1
K tot = M k q̇c k2 + ∑ ρ̇ f i
2
2 i=1

2

.

(1)

Such a set of ρ f i are called Jacobi coordinates or Jacobi
vectors. Jacobi coordinates are not unique. Methods of constructing Jacobi coordinates are discussed in our earlier work
[7].
Let Q = R 3N be the total configuration space of a formation
of N particles in 3D space. The space of Jacobi coordinates
is R 3N−3 . A rotation group G = SO(3) acts on R 3N−3 to
the left: Φg (ρ f i ) = gρ f i for g ∈ G. This action is proper and
free except for the shapes where all ρ f i are collinear, i.e., all
particles are on a straight line. We let the set F0 be the set of

all the Jacobi coordinates corresponding to collinear shapes.
Let F = R 3N−3 − F0 and call it the Jacobi pre-shape space.
It is an open submanifold of the configuration space. Since
G acts properly and freely on F, the base space B = F/G is
a smooth manifold and the canonical projection π : F → B is
differentiable. B is called the Jacobi shape space.
In dropping from F to B, we get rid of the rotational symmetry from the Jacobi coordinates. After the reduction, the dimension of the shape space B is (3N − 6). On this shape space we
can define shape coordinates s j for j = 1, 2, ...(3N − 6) which
are rigid motion invariant. Candidates for s j are functions of
dot products (ρ f i · ρ f j ) and triple products (ρ f i · (ρ f j × ρ f k )).
Thus, mutual distances, mutual angles, areas and volumes
formed by the line segments connecting the particles all serve
as candidates for shape variables. There is a large statistical
literature on the subject of shape space and shape coordinates(
[8]–[10]).
One can establish a body coordinate system on a formation with certain shape. Then the orientation of this formation in the inertial frame can be described by an element
g ∈ SO(3). The Jacobi coordinates in these two coordinate
systems have the following relationship: ρ f i = gρi (s) where
s = (s1 , s2 , ..., s3N−6 )T . The ρi are Jacobi coordinates in the
body frame. They are vector valued functions of the shape
variables s only.
Some mechanic quantities can be defined in the body frame.
b
We define Ω to be the angular velocity which satisfies ġ = gΩ
b
where Ω is the 3 × 3 skew symmetric matrix created from Ω
b for any 3D vector x. Let e be the 3 × 3
such that Ω × x = Ωx
identity matrix, we define
N−1

I(s) =

∑ (k ρi k2 e − ρiρiT )

(2)

i=1

as the locked inertia tensor of the formation in the body
coordinate frame. We also define
A j (s) = I −1

N−1

∂ ρi

∑ ρi × ∂ s j

(3)

i=1

as the vector potential functions. These quantities are defined
on the shape space, i.e. they are independent of orientation,
because ρi only depend on shape coordinates. We refer to [11]
for a geometrically intrinsic approach to formulate the shape
space and associated mechanic quantities.
III. G AUGE T RANSFORM
As discussed in the previous section, for a given shape s,
one can establish a body coordinate system and obtain a group
element in SO(3) which describes the orientation of the body.
When the shape of the formation changes, the body coordinate
system should be consistent. We require the procedure to
establish a body coordinate system be shape independent.
Such a shape independent procedure for establishing body
coordinate system is called a gauge convention. Formally, a
gauge convention is a diffeomorphism between F and G × B
mapping any point ρ ∈ F to (g, s) ∈ G × B s.t. g1 ρ 7→ (g1 g, s)
for all g1 ∈ G. For example, let (q1 , q2 , q3 ) describe three
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Fig. 1. One gauge convention for a triangular formation (Gauge A). The
shape variable s1 is the distance between particle 1 and 2, s2 is the distance
between particle 1 and 3, and s3 is the angle measured counter-clockwise
from q1~q2 to q1~q3 .
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Fig. 2. Another gauge convention for a triangular formation (Gauge B). The
shape variables are the same as in Gauge A. The Jacobi vectors are chosen
differently from Gauge A.

points in R 3 . Except for the singular cases of collinear shapes,
one can establish the body coordinate system of this triangular
formation, shown in Figure 1, as follows:
1) Place the origin at center of mass, let the x-axis be
aligned with vector q~1 q2 .
2) Let the y-axis be in the plane formed by triangle q1 q2 q3 ,
be perpendicular to the x-axis, and point towards point
q3 .
3) Let the z-axis form a right handed coordinate system
with x-axis and y-axis.
This procedure is shape independent ,i.e., it does not depend
on the distances between the three particles or the area of the
triangular formation. We call this gauge convention Gauge A.
Gauge conventions are not unique. We show another gauge
convention, which we call Gauge B, in Figure 2. Gauge B is
established as follows:
1) Place the origin at center of mass, let the x-axis be
aligned with vector q~2 q3 .
2) Let the y-axis be in the plane formed by triangle q1 q2 q3 ,
be perpendicular to the x-axis and point towards point
q1 .
3) Let the z-axis form a right handed coordinate system
with x-axis and y-axis.
Let g ∈ SO(3) describes the orientation of the formation
for any shape s under one gauge convention. Let g1 ∈ SO(3)
describes the orientation of the formation for the same s under
another gauge convention. Then by the property of SO(3),
there exists h(s) such that g = g1 hT (s) where h : B → SO(3)

is a SO(3) valued function on B. This right action of h(s) on
SO(3) is called a gauge transform. Because a gauge transform
is a shape dependent group action, an object which obeys
simple transformation rules under rigid group action by SO(3)
may violate such rules under a gauge transform. We say an
object is gauge invariant if it is invariant under any gauge
transform. We say an object is gauge covariant if it obeys the
transformation rules for rigid group action by SO(3) when it
is subjected to a gauge transform. An example of a gauge
invariant object is the collection of shape variables s. An
example of a gauge covariant object is a Jacobi vector ρi .
Because gρi = ρ f i = g1 ρi1 , this implies that ρi = h(s)ρi1 .
Hence ρi1 is transformed to ρi via the left action by h(s) by
the same rule as if h does not depend on s.
The angular velocity Ω is not gauge covariant. We define a
combined angular velocity as ϒ = Ω + ∑3N−6
j=1 A j ṡ j . We proved
in [12] the following lemma:
Lemma 3.1: ϒ is gauge covariant, i.e. ϒ = h(s)ϒ1 under the
gauge transform g = g1 hT (s) .
Thus, ϒ can be viewed as the gauge covariant angular velocity.
IV. E XAMPLE : A NALYSIS

OF

S EQUENTIAL P URSUIT

In this section we apply shape theory to analyze the problem
of sequential pursuit, also called the “dog chasing” problem.
The simplest such problem is of the following form: Let
(q1 , q2 , q3 ) denote the positions of three particles in R 3 .
Suppose they satisfy the equations
q̇1 = q2 − q1 ; q̇2 = q3 − q2 ; q̇3 = q1 − q3.

(4)

We want to show that from any initial configuration, the three
particles converge to the centroid of the initial shape. The
solution was known to Brocard in 1877 [13]. It was studied
later in [14] and more recently in [15]. From a shape theoretic
point view, we obtain some new insights to this classical
problem.
The proof for convergence is straightforward after we express the system equations (4) using Jacobi vectors. It is true
that q̇c = 13 (q̇1 + q̇2 + q̇3 ) = 0. One way of defining the Jacobi
vectors is
r 

q2 + q1
1
2
q3 −
, (5)
ρ f 1 = √ (q2 − q1); ρ f 2 =
3
2
2
and the inverse transform is
√
2
1
q1 = qc −
ρf1 − √ ρf2
2
6
√
1
2
ρf1 − √ ρf2
q2 = qc +
2
6
√
2
q3 = qc + √ ρ f 2 .
3
Then the pursuit equations in Jacobi coordinates are
√
√
3
3
3
3
ρ̇ f 1 = − ρ f 1 +
ρ f 2 ; ρ̇ f 2 = −
ρ f 1 − ρ f 2.
2
2
2
2

(6)

(7)

√

This system is linear with eigenvalues equal to − 32 ± i 23 .
Therefore, as t → ∞, ρ f 1 and ρ f 2 → 0. Since qc is fixed, the
three particles will converge to qc .
By using shape theory, we analyze the geometric properties
of the convergence for the triangular shape. We compute how
the shape of the deformable body formed by the three particles
evolves in time and how fast the whole body is rotating around
the centroid.
We use Gauge A as shown in Figure 1 to analyze the
deformable body. Three shape variables are chosen: s1 is the
distance between particles 1 and 2, s2 is the distance between
particles 1 and 3, and s3 is the angle in Figure 1. These
three variables are enough to describe a triangle because the
dimension of the Jacobi shape space formed by three particles
is 3.
For simplicity, we assume that m1 = m2 = m3 = 1. Under
the Gauge A, the vector (q2 − q1 ) is (s1 , 0, 0)T , and the vector
T
1
(q3 − q2 +q
2 ) is (s2 cos(s3 ), s2 sin(s3 ), 0) . Thus, the Jacobi
vectors in the body frame are
√
ρ1 = µ1 (s1 , 0, 0)T
√
(8)
ρ2 = µ2 (s2 cos(s3 ) − µ1s1 , s2 sin(s3 ), 0)T
where µ1 = 12 and µ2 = 32 . We can calculate the locked inertia
tensor I using (2) i.e.
I = k ρ1 k2 e − ρ1ρ1T + k ρ2 k2 e − ρ2ρ2T .

(9)

The results, element by element, are
I11 = µ2 s22 sin2 (s3 )
I12 = I21 = −µ2 s2 sin(s3 )(s2 cos(s3 ) − µ1s1 )

I22 = µ1 s21 + µ2 (s2 cos(s3 ) − µ1 s1 )2

I33 = µ1 s21 + µ2 ((s2 cos(s3 ) − µ1s1 )2 + s22 sin2 (s3 ))
I23 = I32 = I13 = I31 = 0 .

(10)

In order to calculate the gauge potential A, we use (3), i.e.
A j = I −1 (ρ1 ×

∂ ρ1
∂ ρ2
+ ρ2 ×
)
∂sj
∂sj

(11)

for j = 1, 2, 3. The results are
1
[0, 0, µ1 s2 sin(s3 )]T
I33
1
A2 = µ2 [0, 0, −µ1 s1 sin(s3 )]T
I33
1
(12)
A3 = µ2 [0, 0, s22 − µ1 s1 s2 cos(s3 )]T .
I33
We want to find Ω, the rotation speed of the body and ṡi for
i = 1, 2, 3. There are altogether six unknowns. These unknowns
can be solved from the six equations given by
A 1 = µ2

∂ρj
ṡi
i=1 ∂ si
3

ρ̇ j = Ω × ρ j + ∑

(13)

for j = 1, 2 c.f. [7], [12]. Let Ω = [Ωx , Ωy , Ωz ]T . We can get the
following results: ṡ1 = −2s1 + s2 cos(s3 ), ṡ2 = −s2 − s1 cos(s3 ),
ṡ3 = ( ss12 − ss21 ) sin(s3 ), Ωx = 0, Ωy = 0, and Ωz = ss21 sin(s3 ).

2
2
2
= s21 + s√
2 + (s1 + s2 − 2s1 s2 cos(s3 )) and S2 =
We call S1 the size of the formation because S1
is the sum of the square length of the three edges. S2 measures
the area of the triangle. Then by direct calculation one can
verify that Ṡ1 = −3S1 and Ṡ2 = −3S2.
We now show that the gauge covariant angular velocity ϒ =
Ω + ∑3i=1 Ai ṡi is a constant vector. From equations (12) and the
fact that Ωx = Ωy = 0, we conclude that ϒx = ϒy = 0. Then
one can verify that

We let S1
1
s
2 1 s2 sin(s3 ).

ϒz = Ωz + A1zṡ1 + A2z ṡ2 + A3z ṡ3 = 6

S2
.
S1

(14)

This means that the rotational speed is six times the proportion
between the area and the square size of the formation. We can
calculate the derivative of ϒz as
ϒ̇z = 6

S1 Ṡ2 − S2Ṡ1
=0.
S12

(15)

This proves that ϒ is a constant.
V. C ONTROLLED L AGRANGE

EQUATIONS AND GAUGE

COVARIANT CONTROL LAWS

Let A = [A1 , A2 , ..., A3N−6 ]. Then we can rewrite the total
kinetic energy in block diagonalized form as
1
1
1
K tot = M k q̇c k2 + (Ω + Aṡ)T I(Ω + Aṡ) + ṡT Gṡ
2
2
2
1 T
1 T
1
2
= M k q̇c k + ϒ I ϒ + ṡ Gṡ
2
2
2
where elements of G are
G jk = −ATj IAk +

N−1

∑

i=1

∂ ρiT ∂ ρi
.
∂ s j ∂ sk

(16)

(17)

The Lagrangian is K tot −V where V is a potential function on
shape space.
In [16] and [17], the Lagrange-D’Alembert principle for
rigid body dynamics is rigorously formulated. We apply such
results and the resulting controlled Lagrange equations are
M q̈c = −

∂V
+ uc ,
∂ qc

d
∂V
(Iϒ) = −Ω × Iϒ − g−1
+ ug ,
dt
∂g
d
d
(Gṡ) + AT (Iϒ)
dt
dt
1 ∂I
∂A ∗
∂A
= [ ]∗ : (ϒ, ϒ) + ([
] −[
])[ṡ, Iϒ]
2 ∂s
∂s
∂s
∂V
1 ∂G ∗
+ [
] (ṡ, ṡ) −
+ us .
2 ∂s
∂s

(18)
(19)

(20)

In these equations, [ ∂∂As ], [ ∂∂ Is ], and [ ∂∂Gs ] are third order tensors
obtained by taking the Frechet derivatives of the matrices A,
I, and G with respect to vector s, and [ ∂∂As ]∗ , [ ∂∂ Is ]∗ , and [ ∂∂Gs ]∗
are the cyclic transpose of these third order tensors c.f. [16]
and [18].

The Lagrange equations for the formation in the lab coordinate system are simply the set of Newton’s equations:
q̈i = fi ,

(21)

for i = 1, 2, ..., N. We have established the relationship between
the control forces fi and (uc , ug , us ) in [12].
Although controllers can be designed by computing (ug , us )
first and then find out fi , which is the actual force on each
particle, this procedure is gauge dependent. This posts a
constraint that each particle has to agree on the same gauge
convention. Therefore, they have to agree on the measurement
of gauge dependent quantities such as Ω. This implies that
some particles have to estimate the gauge dependent quantities
indirectly from its observations. Such indirect estimates may
introduce more severe noise than direct observations. For
example, in the case of a three particle formation, suppose
each particle is able to measure the relative positions between
itself and the other two particle. If all three particles agree on
Gauge A in section IV, then particle 3 has to estimate q~1 q2
to determine the x-axis of the body coordinate system. This
estimate incorporates noise from observing both particle 1 and
particle 2.
We show that by transforming (ug , us ) into a proper gauge
covariant form, we establish a controller design procedure
which allows each particle to use its own gauge convention. In
our example above, for particle 3, we may use Gauge B where
the x-axis of the body coordinate system is aligned with the
vector q2~q3 , which is observed directly by sensors of particle
3.
We define the gauge covariant cooperative control form
to be the pair (αg , αs ) where αg and the kth component of αs
satisfy

αg = ug
αsk = usk − < ug , Ak >

(22)

for k = 1, 2, ..., 3N − 6.
This cooperative control form allows us to design (αg , αs )
as gauge covariant quantities. Then the actual forces f j can
be computed by each member of the formation in its own
coordinate system with its own choice of Jacobi vectors.
Theorem 5.1: Let particle 1 and particle 2 be two members
of a N-particle formation governed by the controlled Lagrange
equations (21),(18),(19) and (20). Let ρ 1f j and ρ 2f j where
j = 1, 2, ..., (N − 1) denote the two different sets of Jacobi
vectors chosen by the two particles. The two particles have
established two gauge conventions for the formation that are
connected by the gauge transform g1 = g2 hT (s) for each
orientation of the formation. Suppose the feedback control
(αg1 , αs1 ) computed by particle 1 and (αg2 , αs2 ) computed by
particle 2 are functions of gauge invariant and gauge covariant quantities, i.e. (αg1 , αs1 ) = (h(s)αg2 , αs2 ). Suppose the
two particles agree on the same set of shape variables sk for
k = 1, 2, ..., (3N − 6) and use the same control force uc for
the center of the formation. Then the forces applied to each
particle computed by particle 1 are identical to the forces for

TABLE I
I NITIAL STATES FOR THE THREE PARTICLES

each particle computed by particle 2 when compared in the
inertial frame i.e. f1i = f2i for i = 1, 2, ...N.
We provided a detailed proof in [12].
VI. G AUGE

Particle

COVARIANT FEEDBACK CONTROL USING
SHAPE MEASUREMENTS

Suppose the potential function V is invariant under translation and rotation i.e. V is only a function of the shape variables.
We can define a function on the tangent bundle of the preshape space as

Position

Velocity

1

(0,0)
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2
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(−1,1)

3
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2.4

2.2
4
2

1.8
3.5
1.6

3

1.4

1.2
2.5
1

0.8

VL =

1
s − s0
2

2

1
1
+ (Ω + Aṡ)T I(Ω + Aṡ) + ṡT Gṡ
2
2

2
0.6

(23)
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where s0 specifies a desired shape. The derivative of this
function along the reduced dynamics (19) and (20) is
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where we use < , > for inner product.
We design a cooperative control law to be

αg = −k1 ϒ
∂V
αs =
− (s − s0) − k1 ṡ
∂s
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Fig. 3. Convergence of shape variables and rotation speed when all particles
agree on the same gauge. These plots are identical to the case when particle
3 uses a different gauge.

(25)

2.26

0.13

2.25

0.12

2.24
0.11
2.23

where k1 > 0 is a constant gain. This control law is gauge
covariant. The resulting (ug , us ) is

0.1
2.22
0.09
2.21
0.08
2.2
0.07
2.19

ug = −k1 (Ω + Aṡ)
∂V
− (s − s0) − k1 ṡ − k1AT (Ω + Aṡ) .
us =
∂s

2.17
18.6

(26)

Then, under such a control law, we have
V̇L = − k ṡ k2 − k1 k Ω + Aṡk2 ≤ 0

0.06

2.18

(27)

with V̇L = 0 if and only if Ω = 0 and ṡ = 0
We apply LaSalle’s invariance principle to argue that the
controlled dynamics converge to the maximal invariant set C1
within the set M1 where V̇L = 0. Hence
M1 = {(g, s, Ω, ṡ) ∈ T F|Ω = 0, ṡ = 0}

(28)

C1 = {(g, s, Ω, ṡ) ∈ M1 |Ω̇ = 0, s̈ = 0}

(29)

and

In the system equations (19) and (20), letting Ω = 0 and ṡ = 0,
we have I Ω̇ = ug = 0 and Gs̈ + I Ω̇ = us − ∂∂Vs = s − s0 . Thus
on the set C1 , in order for Ω̇ = 0 and s̈ = 0, we must have
s − s0 = 0 . Therefore, we have proved the following theorem:
Theorem 6.1: Suppose the potential V is rigid motion invariant. By using the cooperative feedback control law (25),
the Jacobi shape s0 is locally asymptotically stabilized.
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Fig. 4. The mean and variance of s1 in the last 5 seconds of simulation .
Red solid line represents the case when all particles use the same gauge. Blue
dotted line represents the case when particle 3 chooses a special gauge.

VII. S IMULATION R ESULTS
We designed simulations to demonstrate the gauge covariant
control law. We show here the example of a formation of
three particles in the plane. Table I lists the initial positions
and velocities of the three particles. Three shape variables are
chosen as in section IV: s1 is the distance between particle 1
and 2, s2 is the distance between particle 1 and 3, and s3 is the
angle shown in Figure 1. The desired shape of the formation is
an equilateral triangle determined by s1 = s2 = 2 and s3 = π3 .
In experiment 1, all particles use Gauge A in section IV.
They also choose the same set of Jacobi vectors as in Figure
1. We assume no noise in the measurements of the shape
variables. Under the gauge covariant control law (25), the
formation converges to the desired shape. The convergence
of the three shape variables are shown in Figure 3(a), 3(b)
and 3(c). The rotation speed of the formation are shown in
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Fig. 5. The mean and variance of the rotation speed in the last 5 seconds of
the simulation. Red solid line represents the case when all particles use the
same gauge. Blue dotted line represents the case when particle 3 chooses a
special gauge.

Figure 3(d). We see that the formation stops rotating. On the
other hand, the center of mass is moving constantly at velocity
(0, 1).
In experiment 2, particle 1 and 2 still use Gauge A, but
particle 3 uses Gauge B. Particle 3 also uses a new set of
Jacobi vectors, shown in Figure 2, with
1
ρ f 1 = √ (q3 − q2 ); ρ f 2 =
2

r

q2 + q3
3
(q1 −
).
2
2

(30)

We use the same gauge covariant control law as in experiment
1. The formation also converges as shown in Figure 3. There is
no difference between results in these two cases, as predicted
by theorem 5.1.
Next, we compare the performance of the gauge covariant
control law when there are simulated noise in the shape
measurements. In our simulation, each particle is able to
determine the relative positions of the other two particles. We
add independent Gaussian noise N (0, 0.1) in the estimates for
the relative positions, which introduce noise in the estimates
for the shape variables and the rotational speed. If particle
3 uses the same gauge as particle 1 and 2, it has to estimate
vector q~1 q2 in order to estimate the rotational speed. If particle
3 uses the special gauge as shown in Figure 2, it has to estimate
q~2 q3 . The estimate for q~1 q2 is derived from estimating both
q~1 q3 and q~2 q3 , hence more noisy than the estimate for q~2 q3 .
To compare the results for the two cases, namely the case
of same gauge convention and the case of different gauge
conventions. We run 100 experiments in each case. We then
compare the mean and variance of the values for the shape
variables and the rotational speed in the last 5 seconds of
the simulation when “steady state” is reached. As shown in
Figure 4, using different gauge conventions outperforms using
same gauge conventions in control of shape variable s1 , and
similar results hold for s2 and s3 . For the rotational speed,
using different gauge conventions has a clear advantage. The
variance of the rotational speed when same gauge conventions
are used is much larger than the variance of the final rotational
speed when different gauge conventions are used as shown in
Figure 5.

VIII. S UMMARY
In this paper we have outlined an approach to design particle
formation shape control based on Jacobi shape theory. We
introduce a gauge covariant cooperative control form and
demonstrate the advantage of using such form to reduce noise.
A gauge covariant cooperative feedback law for locally stabilizing shape of interest is designed and theoretically justified.
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